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MEAN CURVATURE, VOLUME AND PROPERNESS OF ISOMETRIC 

IMMERSIONS 


VICENT GIMENO* AND VICENTE PALMER** 


ABSTRACT. We explore the relation among volume, curvature and propemess of a Tri¬ 
dimensional isometric immersion in a Riemannian manifold. We show that, when the 
L p -norm of the mean curvature vector is bounded for some m < p < oo, and the ambient 
manifold is a Riemannian manifold with bounded geometry, properness is equivalent to 
the finiteness of the volume of extrinsic balls. We also relate the total absolute curvature of 
a surface isometrically immersed in a Riemannian manifold with its propemess. Finally, 
we relate the curvature and the topology of a complete and non-compact 2-Riemannian 
manifold M with non-positive Gaussian curvature and finite topology, using the study of 
the focal points of the transverse Jacobi fields to a geodesic ray in M . In particular, we 
have explored the relation between the minimal focal distance of a geodesic ray and the 
total curvature of an end containing that geodesic ray. 


1. Introduction 


In 1965, E. Calabi stated in |5) the following conjecture, (also known as “the first Cal- 
abi’s conjecture”): prove that a complete minimal hypersurface in R™ must be unbounded. 
This conjecture turned to be false when we consider immersed hypersurfaces: in the paper 
Il28l . N. Nadirashvili constructed a complete immersion of a minimal disk into the unit ball 
in R 3 . Nadirashvili’s complete immersion is not proper, so it is natural to wonder about 
the role of properness in relation with the first Calabi’s conjecture. 

In fact, in the paper ifTTl . T. H. Colding and W. P. Minicozzi studied the following 
question (also known as the Calabi-Yau conjecture): Prove that every complete embedded 
minimal surface in R 3 is proper. 

In fTTII the authors proved that a complete embedded minimal disk in R 3 must be proper, 
so the first Calabi’s conjecture is true for embedded minimal disks. Moreover they proved 
that a complete embedded minimal surface with finite topology, (namely, homeomorphic 
to a compact 2-dimensional manifold, from which it has been removed a finite number of 
points, which corresponds to the number of ends of the surface), is properly immersed in 
R 3 . 


On the other hand, W. H. Meeks and H. Rosenberg proved in the paper 1251 that a com¬ 
plete embedded minimal surface with positive injectivity radius in R 3 must be proper. This 
result includes Colding’s-Minicozzi result because they proved too in this paper that ev¬ 
ery complete embedded minimal surface with finite topology in R 3 has positive injectivity 
radius. We shall extract the intrinsic aspects of this proof (see Lemma 4.1 1 to show our 
Theorem ll.4l 

More recently, Calabi-Yau’s conjecture has been explored in broader contexts, namely, 
W. H. Meeks, J. Perez and A. Ros have proved, (see J26|), that Calabi-Yau conjecture is 
true when we consider embedded minimal surfaces with finite genus and countable number 
of ends in R 3 . On the other hand, B. Coskunuzer, W. H. Meeks and G. Tinaglia proved that 
Calabi-Yau conjecture is not true in H 3 : there exists a non properly embedded minimal 
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plane (genus zero, one end) in H 3 , (see fLU ). In this way, M. Rodriguez and G. Tinaglia 
have constructed a family of non-proper complete minimal disks with finite total curva¬ 
ture in the quotient of H 2 x R. by the discrete group of isometries generated by vertical 
translations and screw motions, which are embedded in H 2 x R, (see the paper fl30l ). 

Taking as a starting point all these results, several questions arises in a natural way, e.g., 
what happens when we consider non minimal surfaces (or submanifolds) immersed in a 
more general ambient space?. Or, could the embeddedness of the immersion be replaced 
by another hypothesis related with the volume or the metric?. Summarizing: what can be 
said about geometric conditions describing the properness of an immersion in a broader 
context? 

Looking for these geometric conditions and given an isometric immersion p : P m —> 
N n , where P m and N n are complete Riemannian manifolds, a quite natural assumption 
to be considered is following 

(1.1) Vol(</j _1 (i?f r )) < oo, Vi > 0. 


Where is the geodesic /-hall in the ambient manifold N. The domains D t = p~ 1 (B^) 
are known as the extrinsic (-halls. 

In fact, when the ambient manifold is complete, inequality is a necessary condition 
for properness. However, it is not a sufficient condition: consider e. g. a negatively curved 
and non-compact surface with finite volume which can be immersed (via Nash immersion 
theorem) in a metric ball in R v for large N. 

On the other hand there are immediate examples of proper non-embedded minimal sur¬ 
faces in R 3 , such as Enneper’s surface or proper minimal surfaces with infinite topology, 
such the 1-periodic Scherk’s surface which in its turn satisfies inequality 

We can find in the very recent literature, (see Remark 4 in l24l ). the proof that inequality 
satisfied by the extrinsic balls D t of a minimal immersion <p : P m —> N n in a Cartan- 
Hadamard manifold N n with sectional curvatures bounded from above Kn < b < 0 
implies the properness of P m . An older reference of the same result, but for minimal 
surfaces in R 3 with finite topology can be found in Theorem 3 in ||9l. 

Concerning the techniques used, the proof in ||24| is based in the intrinsic monotonicity 




of such immersions. Here, 

b.m— 1 


property satisfied by the (intrinsic) volume growth —— r 

Vol(B t ’ 

we shall denote as B\’ m the geodesic i-ball in the real space form JK m (b ), and as S t 
the geodesic (-sphere in IK'" (6). On the other hand, we can find also in Lemma 4 in 
an extrinsic approach to the use of the monotonicity formula of the extrinsic volume 


growth 


Vbl( 
Vol (B b t 


to prove that a minimal hypersurface tp : P 


<n— 1 


is proper when the 


extrinsic volume growth is finite, (a more restrictive hypothesis than our condition ( |1.1[ )). 

This approach inspires the interplay between the intrinsic and the extrinsic distances 
used in 1(241 to prove the properness of a minimal immersion in a Cartan-Hadamard man¬ 
ifold as well as our own way to prove Theorem where we obtain a characterization 
of properness for non-minimal immersions in a broader family of ambient Riemannian 
manifolds, namely, the Riemannian manifolds with bounded geometry. 

Recall that a complete and non-compact Riemannian manifold N is a manifold with 
bounded geometry if its sectional curvatures are bounded from above, K N < b, (h G 
R + ), and its injectivity radius io(N) = Inf{jjv(p) : p £ N} is positive io(N ) = Iq > 
0. We must remark that Cartan-Hadamard manifolds are simply connected Riemannian 
manifolds with bounded geometry, being 6 = 0 and 'to(N) = oo in this case. 

In fact, we have used a comparison for the volume of geodesic balls in a submanifold 
with controlled L p norm of its mean curvature immersed in such ambient manifolds, sta- 
blished by M.R Cavalcante, H. Mirandola and F. Vitorio in 0 as a part of the proof of 
their Theorem B. We follow a similar vein of reasoning that these authors, but for different 
purposes: while they prove that the volume of the ends of the submanifold is infinite, we 
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characterize the properness of the immersion (see Remarks 1.2 and 3.2 where we try to 
relate both facts). 

In this regard, we have obtained the following theorem for submanifolds with bounded 
L p -norm of their mean curvature vector, immersed in a Riemannian manifold with bounded 
geometry. 


Theorem 1.1. Let p : P m —> N n be an isometric immersion of a complete non-compact 
manifold P m in a manifold N with bounded geometry. Assume that the mean curvature 
vector of p satisfies ||-Hp||lp(P) < oc, for one m < p < oo. 

Then, P m is properly immersed in N n if and only if Vol(y>~ 1 (Bf)) < oo for all t > 0, 
where Bf denotes any geodesic ball of radius t in the ambient manifold N. 


Remark 1.2. Applying Theorem B of E) to an isometric immersion p : P m —> N n as 
in Theorem 1 1.1 1 we have that Vol(P) = oo. In Remark 3.2 we shall extend this comment 
to the ends of P, as in Theorem B in [[71. 


As a corollary, we have immediately that CMC surfaces are properly immersed when 
inequality is satisfied: 

Corollary 1.3. Let p : P m —> N n be an isometric immersion of a complete non-compact 
manifold P m in a manifold N with bounded geometry. Assume that the mean curvature 
vector of p has constant length. 

Then, P m is properly immersed in N n if and only if, for all t > 0, the extrinsic ball 
p _1 {B^) of radius t has finite volume Vo\(p^ 1 (B^)) < oo. 

A more classical approach to the study of the relationship between geometric invariants 
and properness of an immersion p : P m —> N n encompasses bounds on the total extrinsic 
curvature J p || B p || 2 dct, where B p denotes the second fundamental form of the immersion. 
Note that when we consider minimal immersions of dimension two in the Euclidean space 
R n , this total extrinsic curvature agrees with total absolute curvature J p \Kp\do, where 
Kp denotes the Gaussian curvature of the surface P. 

Concerning this relation among the total (extrinsic) curvature of an immersion and its 
properness, S. Muller and V. Sverak proved in l27l that a complete and oriented surface 
p : M 2 —> R” with finite total extrinsic curvature f M ||f3 M || 2 <i<T < oo is proper. 

Within this study of the behavior at infinity of complete and minimal immersions with 
finite total extrinsic curvature, it was also proven by M. T. Anderson in m and by G. de 
Oliveira in ||29t that the immersion of a complete and minimal submanifold P m in R” or 
H"(ii) satisfying f p ||B p || m d(T < oo is proper and that P m has finite topology. 

At this point we should mention the results by G. R Bessa et al. reported in |2] and 
in 0 , where new conditions have been stated on the decay of the extrinsic curvature for 
a completely immersed submanifold P m in the Euclidean space (|2]) and in a Cartan- 
Hadamard manifold (0), which guarantees the properness of the submanifold and the 
finiteness of its topology. 

In the second of our main results we deal with the relation among total curvature and 
properness, proving that finiteness of total curvature is not a necessary condition for proper¬ 
ness. In order to state the theorem, we recall that given a compact subset D C M of a 
Riemannian manifold M, an end E M with respect to D is a connected unbounded com¬ 
ponent of M \ D. From now on, when we say that E is an end, it is implicitly assumed 
that E is an end with respect to some compact subset D C M (see l23l and mi 

Theorem 1.4. Let p : M 2 — > N n be a complete Riemannian 2-manifold immersed in a 
complete Riemannian manifold N n . Suppose that M has finite topological type, and has 
non-positive Gaussian curvature, Km < 0. Let us suppose moreover that for any t > 0, 

(1.2) Vol^" 1 ^)) < oo. 

If every end E of M satisfies f E \I\M\do = oo then Al 2 is properly immersed in N n . 
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Remark 1.5. Observe that: 

(1) This theorem can be stated on an end E C M of a complete Riemannian 2- 
manifold immersed in a complete Riemannian manifold N n , p : M 2 — X N n , 
assuming that Km < 0 on E, that Vol {p~ 1 (B^ > ) H E) < oo Vf > 0 and that 
f F Km |da - oo, and concluding that E is properly immersed in N. 

(2) None of the three assumptions of this result, namely, finiteness of the volume 
of extrinsic balls, non-positive Gaussian curvature of the submanifold and infinite 
total curvature of its ends, can be avoided, as we can see in the following examples. 

In first place, we need to assume that the volume of the extrinsic balls p~ 1 (B^ r ) 
is finite for all radius t > 0. An example of non-proper immersion with non¬ 
positive curvature, infinite total curvature and having extrinsic balls with infi¬ 
nite volume is Nadirashvili’s minimal labyrinth p : M 2 — X R 3 (see (28]). 
This surface has positive first eigenvalue of the Laplacian, Ai(M) > 0, so it 
is hyperbolic, (see (20]). Hence, it has infinite total curvature and infinite vol¬ 
ume, (see OTTl and (34)). On the other hand, we have that p(M) C Bf \ so 
Vo = Vol (Af) = oo. 

Other example of surfaces which do not satisfy the hypothesis on the volume of 
the extrinsic balls in our theorem are the helicoidal-Scherk examples constructed 


(1.3) 


in ED. They are simply connected minimal surfaces p : M 2 


i 2 xKi 


bedded in I 2 xl which are not properly embedded. They are invariant under 
discrete subgroups of isometries G of H 2 xl generated by translations and screw 
motions, and if we consider the quotient of M 2 h by a subgroup of G, these sur¬ 
faces have finite total curvature. However, the surfaces M 2 h have infinite total 
curvature. They also have non-positive Gaussian curvature. These surfaces accu¬ 
mulates to a subset of a cylinder in H 2 x R, so we have, fixing a pole orfxR 
and using the argument given in the proof of Theorem o (recall that M n ^ is 
minimal), a sequence of points diverging in M n j-, and converging to a limit point 
in H 2 x R. We can consider now a sequence of (disjoint) geodesic balls centered 
in these points. It is easy to see that the union B of all these geod esic balls is 
included in some extrinsic ball yj -1 (i?^ o xR ). We apply Lemma 3.1 to conclude 

that Vo 1(</? -1 (.B®^ xR )) > Vol(H) = oo. 

Secondly, all the ends of the submanifold must have non-finite total absolute 
curvature. Let us consider a complete and non-compact Riemannian manifold 
M with dimension two, with constant Gaussian curvature —1 and finite volume 
Vol(M) < oo. As we mentioned above, a surface like this can be isometrically 
immersed (via Nash immersion theorem) in a metric ball Bp in R N for large 
N. Obviously, is not properly immersed, it has negative curvature —1 and if we 
consider any end E C M, we have that f E \Ku\da < J E \KM\da = Vol(M) < 
oo. 

Finally, and concerning the assumption of non-positiveness of the Gaussian 
curvature, we can consider the computational example given by a modified pseu- 
doesphere S 2 , isometrically immersed in R 3 , given by the following parametriza- 
tion 

x =2 (l + sech ( u ) cos ( v )) • cos (u — tanh ( u )) 
y =2 (l + sech(u) cos(u)) • sin (u — tanh ( u )) 
z =2 sech(u) sin(u) 


for (u, v) £ [0, oo) x [0, 27 t). The two-dimensional volume of the extrinsic balls 
of S 2 is finite because, as can be showed numerically, the total two-dimensional 
volume Vol(S' 2 ) of S 2 is finite, Vol^ 2 ) ~ 25.509. Moreover, its total curvature 
is infinite. This immersion is not proper because S 2 accumulates to a circle (see 
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FIGURE 1. Modified pseudoesphere given by parametrization (1.3 i. In 
the left side u £ [0,10], and in the right u £ [0,15], This surface has 
finite total area, and hence, finite area of its extrinsic balls, and it has 
infinite total curvature, f s2 \K\da = oo. But this immersion is not 
proper because the image accumulates in the circle of radius 2 in the 
plane {(x, y, z) £ R 3 : 2 = 0}. This example shows that the hypothe¬ 
sis Km < 0 is needed in order to state theorem 1 1 .41 


figure [TJ, but we must notice that S 2 has points where its Gaussian curvature is 
positive. 

To prove Theorem |1.4| we use Lemma |4~T| which is an intrinsic version of the proof, 
given in (25], that the injectivity radius inj (M) of a complete embedded minimal surface 
M in R 3 of finite topology is positive. In this paper the authors proved that, if we assume 
that inj(M) = 0, then there exists an end of the surface E C M that has finite absolute 
total curvature. 

A corollary of Theorem |1. 4 1 and the fact that every 2-dimensional manifold with finite 
total absolute curvature is parabolic (see ED) is following: 

Corollary 1.6. Let ip : M 2 —> N n be a complete Riemannian 2-manifold immersed in 
a complete Riemannian manifold N n . Suppose that M has finite topological type, non- 
positive Gaussian curvature. Km < 0, and that all its ends are hyperbolic. Let us suppose 
moreover that for any t > 0, 

(1.4) Vol(<^ W)) < oo. 

Then, M 2 is properly immersed in N n . 


We have adapted, on the other hand, the techniques used in Lemma 4.1 to relate the 
curvature and the topology of a complete and non-compact 2-Riemannian manifold, using 
of the notion of geodesic ray and the study of the focal points of the transverse Jacobi fields 
to a submanifold. In particular, we have explored the relation between the minimal focal 
distance of a geodesic ray and the total curvature of an end containing that geodesic ray. 

Before to state our last main result, we present some definitions. Recall that, given 
a Riemannian manifold ( M n ,g ), a geodesic 7 : [0, 00) —> M emanating from p £ M 
parametrized by arc-length is called a ray emanating from p if 


dist M ( 7 (f), 7 (s)) = \t - s\ 

for all t, s > 0 (see for instance (32)). Whenever one has a geodesic ray 7 in a surface 
M, one can construct, for any t > 0, the subset ( .f. of the normal bundle 7 ’7 of 7 in M 
defined by 

(1-5) ^ :={(p,e)€T 7 1 : \Z\ < t} . 

Denoting by exp 3 - the restriction of the exponential map to the normal bundle one can 
define the minimal focal distance minfoc (7) of the geodesic ray 7 as (see also '[ 2 ] and 
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ifTT) ) the maximum t > 0 such that the map 

(1.6) exp- 1 : Q*. -a exp-^fl*) c M 

is a diffeomorphism. 

Finally, we say that a geodesic ray 7 emanating from p £ M belongs to the end E (or 
equivalently, that E contains the ray 7), when 7 (t) £ E for any t large enough. At this 
point, we recall that an end can be also defined as an equivalent class of cofinal rays, (two 
rays in M, aft) and (3(t) are cofinal iff for every compact set K C M, there exists t 0 such 
that if ti,t 2 > to, then a(t\), fi{t 2 ) lie in the same connected component of M — K). 

We have obtained the following intrinsic result: 

Theorem 1.7. Let M 2 be a complete, non compact and orientable surface with finite 
topology and non-positive Gaussian curvature. Km < 0 . Suppose that there exist a 
geodesic ray 7 CM with zero minimal focal distance, minfoc (7) = 0. Then inj(Af) = 0 
and, moreover, 7 belongs to an end E^ C M of finite total curvature, f E \Km\cI<7 < 00 . 

We shall finish this introduction with an example: 


Example 1.8. When M has negative curvature, we can use lfl7l Corollary 8.6] to see that 
if Vol(M) < 00, then every ray 7 has minfoc (7) = 0 (and hence by using theorem [L7] 
every end of M has finite total curvature). However, there exist manifolds with negative 
curvature satisfying that every ray 7 has minfoc (7) = 0 and with Vol(M) = 00, as it is 
easy to check considering the 2-Riemannian manifold E = E x w S 1 with warping metric 
gs = dt 2 + w 2 (t)d0 2 = dt 2 + sinh (—t + \Jt 2 + l) 2 dd 2 . 

Observe that E has finite topological type. Indeed, E has the topological type of E x 8 1 
and, therefore E has zero genus and two ends. Given e > 0, let us consider the compact 
domain fl c C E given by f 2 e = [—e, e] x S 1 . E has, hence, two ends with respect to fl e , 
namely: 

E- := (—00,—e) x S 1 

(1.7) 

E + := (e, +00) x S 1 . 


Both of the above ends are of infinite area 27r f c °° sinh (—t + \Jt 2 + l) dt = 00, and, since 
(1.8) lim sinh (—t + \Jt 2 + l) = 0, 

t—fOO \ / 


the end E + is an shrinking end and hence every line in E has zero minimal focal distance. 
In fact, E+ has finite total curvature, as it can be explicitly checked: 


(1-9) 


\K^\dV = [ u"{t)dtdJ9 
Je + 

= 2tt J (( y\t)f sinh(y(t)) + y"(t) cos 


dt 


when e goes to zero. 


1.54308 


1.1. Outline. In section §.2 we present some basic tools, based in the Jacobi index the¬ 
ory, we use: first, a key comparison result for the Laplacian of the extrinsic distance in a 
submanifold. Secondly, and to define the notion of tube around a submanifold immersed 
in a Riemannian manifold, we present the transverse Jacobi fields to a submanifold and 
the normal exponential map in relation of the minimal focal distance of this submanifold. 
In Section §.3 we state and prove Theorem o In Section §.4, we prove Theorem 
Finally, we shall prove Theorem |1. 7 1 in Section §.5. In Section §.6 we have studied some 
consequences of Theorem |1.7| 

1.2. Acknowledgments. We would like to thank useful conversations with A. Alarcon, 
A. Hurtado, L. Jorge, F. Lopez, and J. Perez. 
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2. Preliminaries 

2.1. Extrinsic distance balls. Throughout the paper we assume that ip : P m —> N n is an 
isometric immersion of a complete non-compact Riemannian m-manifold P m into a com¬ 
plete Riemannian manifold N n with bounded geometry. We shall refer P as a submanifold 
of N. 

Given a point o £ N, for every x £ N n — Cut{o} we define r 0 (x) = dist at(o, x), and 
this distance is realized by the length of a unique geodesic from o to x, which is the radial 
geodesic from o. 

When p~ 1 (N — Cut{o}) 0, we also denote by r the composition 

r a o ip : — Cut{o}) C P -a R + U {0} 

This composition is called the extrinsic distance function from o in P m . The gradients 
of r Q in N and r in P are denoted by V Y r 0 and V p r, respectively. Then we have the 
following basic relation, by virtue of the identification, given any point x £ P, between 
the tangent vectors X £ T X P and <p* x (X) £ T V ^N 

(2.1) X N r 0 = X p r + (X N r 0 ) ± 

where (\/ N r 0 ) ± (ip(x)) is perpendicular to T X P for all x £ P. 

Definition 2.1. Given ip : P rn —> N n an isometric immersion of a complete and 
connected Riemannian m-manifold P m into a complete Riemannian manifold N n with 
bounded geometry, we denote the extrinsic metric balls of radius t > 0, (t < min{io(N), }) 

and center o £ N by D t (o). They are defined as the subset of P: 

D t {o) := | a: £ P : r (x) < fj = pT l (B? (o)) 

where B™ (o) denotes the open geodesic ball of radius t centered at the point o in N" . 
Note that the set <p _1 (o) can be the empty set. 

The extrinsic balls are the sublevel sets of the extrinsic distance function. 

2.2. Transverse Jacobi fields and the normal exponential map to a submanifold. Let 

p : P m —> N n be an isometric embedding of a complete non-compact Riemannian 
//(-manifold P m in a Riemannian manifold N. Let us identify P with the zero section 
0(TP p ) of the normal bundle TP 1 - of P in N. Then, (cfr. j32l . 1171 ). we have that 
exp TP _L _ : T^pXjfTP 1 - —> T p N is an isomorphism for each p £ P, because for all 

p £ P, we have the decomposition T p N = T p P ® TpP 1 - = T^ p ^TP p . Then, applying 
the inverse mapping theorem, we have that exp r/ > : TP —> N is a diffeomorphism if it 
is restricted to an open neighborhood flp of P in TP 1 -. We also shall denote exp T/ , as 
exp- 1 . Note that for any point q £ exp T/ , (ftp) there exists a unique minimal geodesic 7 
parametrized by arc length from a point of P to q which realizes the distance distjv(<7, P)- 
This geodesic 7 is perpendicular to P. 

Definition 2.2. (See fl7l ). Let j$(t) in N a geodesic normal to P at t = 0. The point 
q = 7c (f 0 ) is a cut-focal point along 7^ provided the distance from q to P is no longer 
minimized along 7^ after q. In other words, beyond the point q, there is a point in the 
geodesic q £ 7 ^ such that the distance of q to P is less than the distance of q to P, and it is 
realized by another geodesic 7^ that contains q and meets P orthogonally. 

Definition 2.3. Given the unitary normal bundle S TP 1 - to P in N , i. e. , 

§ TP ± :={(p,0eTP p : ||£|| = 1 } . 

One has the following function e c : S TP 1 - -£ M defined as 

e c (p,0 : = sup{f : distjv(exp- 1 (p, t£),P) = f} . 

t> 0 
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Remark 2.4 (See JT7)). The set flp where exp^ is a diffeomorphism can be written as 

ftp = {(p,f£) S STP 2 - : 0 < t < e c (p,£)} ■ 

Definition 2.5 (See fTTI ). The minimal focal distance of P in N is defined as 

minfoc (P) := inf |e c (p, £)} . 

(p,|)eSTP x 

Remark 2.6. When Pisa point p, the minimal focal distance coincides with the injectivity 
radius at p. 

Definition 2.7. Given ip : P m —> N n a submanifold of a Riemannian manifold N, and 
a number f < minfoc (P). The tube of radius t about P in N is the set 

T t (P) := {x £ N : dist N (x,P) < t} . 

Remark 2.8. Since t < minfoc (P) in the above definition and by virtue of Remark [2.4| 
Tt(P) = {x £ N : 3 a geodesic 7 starting at x, length £( 7 ) < t meeting P orthogonally} 
and moreover, 

T t (P ) = exp TP _L ( {(p,£) S TP- 1 , with ||£|| < f} ) C exp Tp± (Q P ) . 

Definition 2.9 (See (32j[[7|). Let 7 j(t) be a geodesic in N normal to P at t = 0. The 
point q = (to) is a. focal point along 7 ^ if there exists a nonzero P-Jacobi field Y(t ) 
along 7 ,e such that Y[tf) = 0. We call t 0 its focal value. Given p £ P and £ £ STP- 1 , let 
us denote as ej (p, £) the first of these focal values along the normal geodesic starting at p. 

Remark 2.10 (See [32} Lemma 4.8 in Chapter II]). The point q = 7f (to) is a focal point 
along 7 ^ if and only if rank < to. Then, 

e/feO = jnf {* : rank (exp^) < to} . 

Remark 2.11 (See l(32l Lemma 2.11 in Chapter III]). Given (p, f) £ STP ± , the relation 
among focal points and cut-focal points along the geodesic normal to P, 75 (f), is given by: 

(2-2) e c (p,f) < e f (p,£) 

The following Proposition shows that, when P is totally geodesic in N, and N has 
non-positive sectional curvatures, the normal exponential map is a local diffeomorphism, 
as occurs with the exponential map. 

Proposition 2.12. There are not focal points along a normal geodesic to a totally geodesic 
submanifold P in a manifold of non-positive cun’ature N. 

Proof The proof is based on the convexity of the norm of Jacobi fields. Let 75 (f) be a 
geodesic in N normal to P at f = 0 (namely, 75 ( 0 ) = p £ P and 7 ^( 0 ) = £ £ T p P - 1 -). Let 
us suppose that q = 75 (fg) is a focal point along 75 , i.e. . there exist a nonzero P-Jacobi 
field Y(t) along 75 such that Y{t 0 ) = 0. Then, Y(0) e T p P and Y'(0) - A^(Y(0)) £ 
T p P L being /L the Weingarten map of P. 

Let us define P(f) = ( Y(t),Y (f)). Then, F'(t) = 2 (Y'(t), Y (t)) and 
F"(t) =2||Y / (f )|| 2 + 2(Y"(t),Y(t)) 

(23) = 2||Y , (f )|| 2 — 2K ( 75 (f), Y(f)) 1175 (f) A Y(f )|| 2 

> 0 , 

because K ^ 7 ^ (f), Y (f)} < 0 Vf and 

(Y"(f), Y(t)) = -(P (Y(f) , 7 ' (f)) 75 (f), Y(f)} 


(2.4) 


MEAN CURVATURE, VOLUME AND PROPERNESS 


9 


On the other hand, F(0) = ||Y(0)|| 2 > 0 and F(to) = ||F(<o )|| 2 = 0. We are going to 
compute F'(0). Since Y'(0) - A ? (Y(0)) = Z(p) £ T p P ± and Y(0) £ T p P , 

F'( 0) =2 (Y' (0), Y (0)} = 2 <A£ (Y(0)) , Y(0)> 

= 2 ( b p (y(o),y(o)), £) 


(2.5) 


But P is totally geodesic, so F'( 0) = 0. Moreover, using inequality (2.31 and since 
Y'(0) 0 (because Y(t) is a nonzero vector field, see liT31 Chap. 5, Corollary 2.5 and 

Remark 2.6]) then F"(0) > 0. 

Hence, for t > 0 sufficiently small. 


F(t) = F(0) + F'(0)t + 




t 2 + 0(F) > F{ 0) > 0 


Since F"(t) > 0, then F’ (tf) > F'(t\) when t 2 > t\. Therefore F[t) > 0 for all 
t > 0. □ 


2.3. The volume of a tube around a curve. Let us consider a curve a C N as a subman¬ 
ifold of the ambient Riemnnian manifold N, using the inclusion map i : a — > N. We 
have the following result, which is proved in d. 

Theorem 2.13 (See El Corollary 8 . 6 ]). Let a be a curve with finite length L(cr) in a 
Riemannian manifold M n . Then, if I\m < 0, we have, for 0 < r < minfoc (a), that 

(2-6) Vol(T r (cr)) > /- 2) ] L{a). 

(^(n- i))! 

Remark 2.14. Note that ^ corresponds to the volume of the tube of radius r 

around a curve with length L(a) in R n . 

Corollary 2.15. Let 7 be a geodesic ray on a complete manifold M with non-positive 
cun’ature Km < 0. Suppose that minfoc ( 7 ) > 0, then for any 0 < r < minfoc ( 7 ), 

Vol(T r ( 7 )) = 00 . 

Proof. Let us consider a partition of 7 = U^ ; 1 7 *, where 7 »is a geodesic segment with finite 
length L(pfi). As Km < 0, one has that, as a consequence of Hotelling’s tube formula, 
(see also ini Corollary 8.6] and the above theorem), that for any 0 < r < minfoc ( 7 ), 

Vol(T r ( 7i )) > /- 2) ’M li) Vi = 1, ...,oo 
(i(n- i))! 

Then, since T r ( 7 ) = U^. 1 T r ( 7 j), we have 

00 / 2 \ 71-1 00 

(2.7) Voi(r r ( 7 )) = Y, Voi(r r ( 7i )) > X r a E L (vt) = 00 

(2 (^ 1 -) j - i —1 


3. Proof of Theorem I1.1I 

In this section we shall prove the first of the main results of this paper. 

In order to help the reader, we shall present again the statement of the result: 

Theorem. Let ip : P m —> N n be an isometric immersion of a complete non-compact 
manifold P m in a manifold N with bounded geometry. Assume that the mean cun’ature 
vector of tp satisfies ||/Tp||lp(p) < 00, for one m < p < 00 . 

Then, P m is properly immersed in N n if and only ifYo\(p^ 1 (B[ J )) < 00 for all t > 0 , 
where Bf denotes any geodesic ball of radius t in the ambient manifold N. 
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Proof. First of all we shall need the following estimate for the volume of the geodesic balls 
of a submanifold with bounded mean curvature immersed in a Riemannian manifold with 
bounded geometry given in the proof of Theorem B in the paper 0: 


Lemma 3.1 (See Theorem B in |7j). Let <p : P m —► N n be an isometric immersion of 
a complete non-compact manifold P m in a manifold N with bounded geometry. Assume 
that the mean cun’ature vector of ip satisfies ||-Hp||i>(p) < oo, for one m < p < oo. 

Then, given a fixed po £ P there exists p 0 sufficiently large and a positive constant 
K > 0 such that, for all p £ P — B p po (p 0 ), and for all p < p 0 , we have 

(3-D Vol«(p)) > 

Now, to prove the result, let us suppose first that the immersion is proper. As N is 
complete, then p~ 1 (B^) is compact for all f > 0 and hence, Vol (ip~ 1 (B^ r )) < oo. 

On the other hand, if we suppose that the immersion is not proper, then there exists 
a point o £ N and geodesic Rq- ball in N, B^ (o), with compact closure, such that 
ip- 1 (Bft o (°)) is not compact. As it is closed, then <p _ 1 (Pp 0 (o)) is not bounded in P. 
Therefore, let us consider ± a sequence on points in p~ l {B R (o)), which diverges 

in P and such that {p(pi)}fZi converges to a limit point p £ N. 

Given po the first point of the sequence, and applying Lemma 3.1 there exists po suffi¬ 
ciently large and a positive constant K > 0 such that, for all p £ P — B 2po (po), and for 
all p < po, we have 

(3-2) Vol(5») > ^-p“. 

On the other hand, as the sequence { p, }£2.j diverges in P, we know that { P, }ff n(1 — 
P - B 2 Po (po) for some n 0 £ N. 

Let us consider now, given the quantity po, a subsequence of {p n }ff = i formed by points 
p n satisfying distp(p n ,p„+i) > po Vn £ N, (see Remark ISP) . Now, we shall consider 
the geodesic balls B po / 2 (p n ). 


With these radius, the balls B p ^ 2 (p, 


by Lemma 


3.1 


Vol(P; o/2 (p„)) > 


j) are pairwise disjoint. Moreover, we have that, 

^(frforalln>n 0 . 


Let us see that U n=n 0 B p o/2 (Pn) C D Ro+Pa/2 (o) = p (B% o+po/2 {o)). For tha L let 
us consider x £ U®_ no B^ 2 (p n ). Then, there exists n\ > no such that x £ B pQ ^ 2 (p ni ), 

-—If UN 


so, as p ni £ ip 1 (B^ o (o)), we have 

distAr (ip(x),o) < distiv (<fi(z), ip(p n J) 
(3.3) < distp (x,p ni ) + Ro 

<Po/2 + Ro 

Then, as we know, for all n > n 0 , that Vol (#f o/2 (Pn)) > 


distA r(ip(p 

ni)i°) 


2 Km\ 2 


(f ) m > 0, then 


Vo1(P_r 0+Po/2 ) > Vol \j B P o/2 (p n ) 


(3.4) 


> 


OO 

E Vo1 (</ 2 (p™))> 


J_(P°)"* = 00 

^ 2Krn 2 ; 


E 

n—riQ 


which is a contradiction with the hypothesis. 


□ 


Remark 3.2. When we consider {qi}ff . 1 a sequence on points which diverges in P, (in 
the sense that limn^oo dp(qi,q n ) = oo), and given a fixed point po £ P and the radius 
po as in Lemma 3.1 it is always possible to choose a subsequence {<"//,■ }fcLi (= P and one 
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radius 5 = dp(<7i, # 2 ) such that Bf ( qk ) n Bf (q^) = 0 for all sufficiently large k ^ k! 
and such that, for all k > ko, Bf ( qk ) C P — ^2p 0 (P°) suc h a wa Y ^ at 


Vol(P) > Vol ( (J Bf (q k ) ) > Y, V °1 ( B s («*)) ^ E ^ 6m = 


\k—ko 


k—ko 


k=ko 


2 Km 


In particular, given a point pg £ P and the radius po as in Lemma 3.1 if we consider, as 
in the paper 0 , an end E C P with respect the ball B^ (Po). we can choose a sequence 
of points ( 72 , 93 , • ■ ■ in P such that 

q k £ EC] {B 2 kp 0 (Po) — -®( 2 fc-i) Po (Po)) 


Then, dm k ^.oo dp(q2,q k ) = oo. Moreover, for all 0 < R < p 0 and for all k > 2, 
Bp{qk) Q E - B^ kpo (p 0 )), because d P (q k ,p 0 ) > (2 k - 1 )p 0 > 2 p 0 , and B%(q k ) D 
Bji(qk') = 0- Hence, fixing a radius 0 < R < po, 


Vol (E) > Vol (E - P 2 p po (p 0 )) > Vol 



OO OO 1 

>^V°l(P p ( 9fc ))>^— R m =oc 

k =2 k =2 


4. Proof of Theorem [T.4 


In this section we shall prove Theorem 1.4 In order to help the reader, and as in Section 
§.3, we shall present again the statement of the results. 


4.1. A previous lemma: on the positiveness of the injectivity radius. In the paper f25l 
it is proved that the injectivity radius inj(M) of a complete embedded minimal surface M 
in ]R 3 of finite topology is positive, by showing that, if we assume that inj(M) = 0 , then 
there exists an end of the surface E C M that has finite absolute total curvature so as E 
is complete and embedded, it is asymptotic to a half catenoid or the end of a plane and the 
injectivity radius of M restricted to E is bounded away from zero, which is a contradiction 
and hence inj(M) > 0. From an intrinsic point of view, we can state this result as follows 
proving it with exactly the same argument that in l25l : 


Lemma 4.1. (See 112511 ) Let M be a complete and non-compact 2-Riemannian manifold 
with finite topology, non-positive curvature Km < 0 and with zero injectivity radius 
inj(M) = 0. Then, there exists and end E C M such that f E \KM\du < oo. 


Proof. Recall that the injectivity radius of p £ M is defined as the supremum 


in j m(p) '■= SU P [t > 0 I ex P P 


B? pM ( 0 P ) 


B, 


M 


(p) is a diffeomorphism j 


or, equivalently, inj M (p) = distM(p, C p ), being C p the cut-locus of p in M. The injectiv¬ 
ity radius of M is defined as inj (M) := inf {inj M (p)|. 

pGM 

If we assume that inj(M) = 0, there exists therefore a divergent sequence of points 
{p n }jfLi of M such that lim inj M (p n ) = 0. Because on the contrary, if lim p n = po £ 

n—foo n—f oo 

M, since inj M : M —> R + defined as p —> inj M (p) is continuous, then 


in j m (Po ) = inj m ( lim Pn) = lim inj M (p„) = 0, 

n—f oo n—> oo 

and this is in contradiction with the fact that, for all p £ M, there exists a small positive 
radius e p > 0 such that the exponential map exp | t p m . is a diffeomorphism onto an 

open set in M. 

On the other hand, M 2 has finite topological type which is equivalent to be homeomor- 
phic to the interior of a compact surface with boundary. Each connected component of this 
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boundary is identified with an end of M and is homeomorphic in its turn to a punctured 
disk. We call these ends annular ends. 

Hence, there exists an annular end E of M such that a divergent subsequence of { PnjfiLt 
is included in E. 

Let 7 „ be an embedded geodesic loop based at the point p n , which is smooth except 
perhaps at p n . This loop exist since M has non-positive curvature and hence there are not 
conjugate points aloneg 7 . We know that the length of this loop is 2 inj M {p n ) and that the 
external signed angle corresponding to the vertex p n is ()„ £ (— n, n). 

Now, we are going to see that 7 n is not the boundary of a disk in M. If y n would be the 
boundary of a disk in M, then Gauss-Bonnet theorem should imply that 

(4.1) f K M da = 2n X m-0 n >0, 

Jn 

where we have used that \(fl) = 1 because Q is assumed to be a disk. But taking into 
account that Km < 0 , the above inequality is a contradiction. 

Now, let us consider a compact annulus E(n) C E bounded by the geodesic loops 7) 
and T n . Applying global Gauss-Bonnet theorem to the domain E(n), we have 


(4.2) 0 = 27 Tx{E(n)) = f KMda + 6i+6 n < f KMda+Air 

JE(n) JE{n ) 

Since the above inequality does not depend on n, E has finite absolute total curvature and 
the lemma follows. □ 

Remark 4.2. Observe that from the proof of the above lemma if we have a divergent 
sequence {pi}^Zi of points contained in an annular end E C M, of a surface M with 
non-positive curvature, and the sequence is such that 

lim inj(p„) = 0. 


Then 


/ \Km\ da < 00 . 
J E 


4.2. Proof of Theorem [L4] We are going to prove Theorem |1.4[ which asserts: 

Theorem. Let <p : M 2 —> N n be a complete Riemannian 2-manifold immersed in a 
complete Riemannian manifold N n . Suppose that M has finite topological type, and has 
non-positive Gaussian curvature, Km < 0. Let us suppose moreover that for any t > 0, 

(4.3) Vol^-^B*)) < 00 . 

If every end E of M satisfies f E Km \ da = 00 then M 2 is properly immersed in N n . 

Proof Let us suppose that M is not properly immersed. Then, there exists a geodesic ball 
in N, B Eo (o), with compact closure, such that (B^ g (o)) is not compact. Since it is 
closed, then {B Eg (o)) is not bounded in M. 

let us consider { 27 }^! C 


Therefore, as in the proof of Theorem 


1.1 


(Bl(o)) a 


sequence on points which diverges in M and such that converges to a limit 

point p £ N. Since the topology of M is finite, then there exists an annular end E such 
that a divergent subsequence of {]> n } f = 1 is included in E. Denoting as {q„ j such 
subsequence, and given a positive quantity ei, let us choose a subsequence of {q n }^Li 
formed by points q n satisfying distM(<?n, Qn+ 1 ) > ei- 


If every end E has infinite total curvature, then applying Lemma 4.1 we have that 
inj(M) = S > 0. Hence, given the sequence {gnj-jjjL-L formed by points q n satisfying 
distM(g n , ^n-t-i) > £ i> we have that inf{inj M (g i )}^ ;1 > 5 > 0 , so we shall consider 
now the geodesic balls B^ (qf) with e < min{<5, y}, in such a way that they are pairwise 
disjoint. 
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Now, we proceed as in the proof of Theorem |l. l| again, showing in the same way that 

UBy(q i )CD Ro+e = <p- 1 (B% 0 +e {o)) 

Then, since Km < 0 and e < inj (M), we have, by using Bishop’s-Gromov comparison 
theorem, that Vol(B,^ (ft)) > Vol(Bf"), thus 

Vol ^-\Bl +e (o))) > Vol (.UBf(ft)) 

(4.4) °° °° 

> E Vol (Bf (*)) > E Vo1 ( S f) = 00 

i —1 i= 1 

which is a contradiction with the hypothesis. Hence, M is properly immersed. 

□ 


5. Proof of Theorem [Tv] 


In this section, we shall prove Theorem 1.7 which asserts: 


Theorem. Let M be a complete, non compact and orientable surface with finite topology 
and non-positive Gaussian cun’ature. Km < 0 . Suppose that there exist a geodesic 
ray 7 C M with zero minimal focal distance, minfoc ( 7 ) = 0. Then inj(Af) = 0 and, 
moreover, 7 belongs to an end E 7 C M of finite total cun’ature, J E Km \ do < 00. 

Proof Since 7 is a geodesic ray such that minfoc ( 7 ) = 0, then 
(5.1) inf e c (p,u) = 0 

(p,w)GST7 J - 

with ST 7 - 1 - being the unitary normal bundle of 7 in M. Hence, there exist a sequence of 
points 

{{Pn,u n )}n=i C STY 1 

such that 


(5.2) 


lim e c {p n , u n ) = 0 . 

n—f 00 


Since e c is continuous, {(p n ,« n )}£L 1 diverges in the unitary normal bundle STy- 1 , be¬ 
cause on the contrary, if (p a , u 0 ) = lim n ^infinit y (Pn, u n ), then e c (p 0 , «o) = 0 which is a 
contradiction with the fact that cxp J is a diffeomorphism in an open set fi 7 , (see Remark 

Hi- 

Taking into account that ||zt„|| = 1 Vn, then {p n }n Li diverges in M and then, as the 
topology of M is finite, there exists an annular end E., such that a divergent subsequence of 
{Pn}n Li is included in /V, (in fact, the ray 7 is included in B 7 ). We are going to prove that 
the infimum of the injectivity radius of such a subsequence is zero and hence by applying 
lemma |4~T| (see remark 

Let afj : [0, 00) —>■ M be the geodesic curve starting at p n (a^f (0) = p n ) with initial 
velocity u n (d^" (0) = u n ). Then, the points 

(5-3) Q n ^u n (t-c (Pn; 

are cut-focal points of 7, where the distance from p n is no longer minimized along offif 
after q n . By definition, thus. 


4.2 1 Er., has finite total curvature. 


(5.4) 


L n ■■= distM (Pn, qn) = &c (Pn , Un) ■ 


Hence, by using the limit (5.2 1 . we have that lim L n = 0 so, for any e > 0, there exists 

_ n—f 00 

N large enough such that for any n > N 


(5.5) 


distM {Pn > Qn ) ^ 
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Therefore, there exists a divergent subsequence of cut-focal points {'Yn }jf = i included in 
the same end E 1 . 

Let us consider now 


fLy := {(p,fu) £ ST 7 - 1 -, 0 < t < e c (p,rt)} . 

It is known (see remark 2.4 1 that exp - 1 : fl 7 —» exp x (fl 7 ) is a diffeomorphism and that 
the boundary i9exp J -(f2 7 ) of exp- L (fl 7 ) is the set of cut-focal points of 7 . Hence, there 
exists an infinite divergent sequence of {q n }^—i in E 1 (T 9exp- L (f2 7 ). 

For these cut-focal points q n , either there is more than one minimizing geodesic joining 
q n and 7 or ker (exp^j ^ {0}. But this last possibility implies that q n is a focal point of 7 
in M, and this is not possible because 7 is a totally geodesic submanifold in the negatively 
curved manifold M, see Proposition |2.12| 

Therefore, given a point p n £ E 1 , let us consider the cut-focal point q n £ E~,, being 
ct?" (t) the geodesic which realizes the distance L n = e c (p n , u n ) fromp n £ 7 to q n . 

This geodesic meets 7 orthogonally at the point p n . Since exp - 1 is not injective when 
we restrict ourselves to the set of cut-focal points, then there exists another geodesic /3 n 
minimizing the distance between q n and 7 . This geodesic will meet 7 orthogonally at the 
point r n £ 7 C Ej. 

Now, let us consider the geodesic triangle T n C A’,, passing through the vertices p n , q n 
and r n , formed by the union of the geodesics 7 , a^ n and j3 n , namely T n = 7 U a?” U /3„. 

Since a?" and (3 n meet 7 orthogonally, the external signed angles corresponding to the 
vertices p n and r n are ± and the angle between a?" and (3 n at the point q n , 6 n £ (—w, n). 
At this point, we should note that q n is not a cusp, (namely, \9 n \ 7 ^ n), because in this case 
«((" and 3 n should be the same geodesic. Therefore, the sum of the signed angles is 


(5.6) 


- 2tt < Sum of the external signed angles of T n < 2n 


Observe, that in the particular case when r„ = p n we have a geodesic loop. 

Let us going now to see that T n can not bound a disk. To see this, let us suppose that 
Cl C E 1 is a disk such that dCl = T n . Since T n is a piecewise curve formed by geodesic 
segments, by applying Gauss-Bonnet theorem 


(5.7) / K M da > 2-kx{CI) - 2tt = 0, 

Jn 

where we have used that \(H) = 1 because Cl is assumed to be a disk. But taking into 
account that Km < 0 , the above inequality is a contradiction. 

Finally, to see that inj(M) = 0, we are going to show that inj M (p n ) < 4 L n , and hence, 
lim inj M (p n ) < 4 lim L n = 0. To do it, we shall prove first that T n C BH ( p n ) and 

n—t 00 n—>00 n 

to see this, let us consider x £ T n . Since T n = 7 U a ? 71 U j3 n , we have that 2 ; € 7 , or 
■t" ^ ^ /^n* Recall that dist_Ar(Pn;Qn) — Hist M^qm^n) — Ln — (Pnj tin)• 

Then: 

If x £ then 

(5.8) dist M {p n ,x) < dist M {p n ,q n ) < L n 

If x £ p n , then 

dist M^Pm-L) <distM(Pnj qn) ~F dist M^qm-L) 

(5.9) <dist M (Pn,gn) +dist M (g n ,r n ) 

<2 L n 


Finally, if x £ 7, then, as dist M (r n ,p n ) < dist M (p n , q n ) + dist M (q n , r n ), 
distM(jPn, x) <distM{p n ,qn) -f distjvr(^ n , r n ) distj\f (r n , x*) 

<dist M (Pn, q n ) + dist M (g„, r n ) + dist M {r n ,p n ) < 4 L, 


(5.10) 
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Hence T n C (p n ). If inj M (p n ) > 4 L n , then T n (which can not bound a disk) is 
included in a domain which is homeomorphic to a disk, which is a contradiction by using 
the Jordan-Schoenflies theorem (see 0 for instance). □ 


6. On the minimal focal distance of a geodesic ray 


As a first corollary of Theorem o we have the following result, assuming that the 
surface has negative curvature. Namely: 

Corollary 6.1. Let M be a complete, non compact, and orientable surface with finite 
topology, non-positive Gaussian curvature Km < 0 and such that every ray 7 satisfies 
that minfoc (7) = 0. Then, M has finite total curvature, f M \ Km \< Icf < 00. 

Proof. The proof of Corollary | 6 .1| follows directly from the hypothesis that all the rays in 
M have zero focal distance and that M has finite topology. □ 


In this section we provide some analytic and geometric sufficient and necessary condi¬ 
tions for the existence of geodesic rays with zero minimal focal distance. First of all, note 
that as an immediate consequence of Corollary|2.15 we have the following: 


Corollary 6.2. Let M be a complete, non compact, and orientable surface with non¬ 
positive Gaussian curvature and finite area. Then, for any geodesic ray 7 in M , 


( 6 . 1 ) 


minfoc ( 7 ) = 0 . 


Hence, in the non-positively curved setting, finite area implies zero minimal focal dis¬ 
tance for any geodesic ray. Observe, however that the converse is in general false, see 
for instance example [l. 8 1 in Section §.l, where we have zero minimal focal distance for a 
geodesic ray and infinite area. Nevertheless, by using Theorem 1.7 we can state 


Corollary 6.3. Let M be a complete, non compact, and orientable surface with negative 
Gaussian curvature Km < b < 0 and finite topological type. Given a geodesic ray 7 in 
M, minfoc (7) = 0 if and only if there exist an end E 7 with finite area such that 7 belongs 
to E 1 . 


Therefore, 


Corollary 6.4. Let M be a complete, non compact, and orientable surface with negative 
Gaussian curvature Km < 0 and finite topological type. Suppose that every end of M 
has infinite area. Suppose, moreover, that a geodesic ray 7 in M has minfoc (7) = 0. 
Then, there exist an end E 7 such that 7 belongs to E 7 and a divergent sequence of points 
{Pi}iZi C E-f, such that 

(6.2) lim K M [ p . i ) = 0. 

i —foo 


Whence, the conclusion of the above corollaries becomes clear. In a negatively curved 
surface of finite topological type the presence of a geodesic ray 7 with zero minimal focal 
distance implies that there exist an end containing 7 with finite area or the end is asymp¬ 
totically flat (in the sense of the limit (| 6 . 2 [>). 


Remark 6.5. From Corollaries 6.1 and 6.2 we can conclude moreover that given M a 
complete, non-compact and orientable surface with finite topology, finite area and non¬ 
positive curvature, then M has finite total curvature. 


K. Ichihara proved in Ell that if a surface (or an end) has finite total curvature, the 
surface (or the end) is a parabolic surface (or end). The same is true if the surface (or end) 
has finite total area. Hence, 


Corollary 6.6. Let M be a negatively cun’ed and orientable surface of finite topological 
type, if every end of M is an hyperbolic end, then for any geodesic ray 7 in M, 

(6.3) minfoc (7) > 0. 
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Moreover, if a surface (or an end) has positive fundamental tone, the surface is hyper¬ 
bolic (see l20l ). Recall that the fundamental tone A* (M) of a surface M is defined by 

(6.4) A*(M) = in f€ \ {0}} 

where L\ 0 (M) is the completion of Cq°(M) with respect to the norm ||<^|| 2 = J M ip 2 + 
Im l v ^l 2 ’- 

From the definition of the fundamental tone, one readily concludes that for any end 

E C M 

(6.5) \*{M)<\*(E). 

Thus, 

Corollary 6.7. Let M be a negatively cun’ed and orientable surface of finite topological 

type, if M has positive fundamental tone A *(M) > 0, then for any geodesic ray 7 in M, 

( 6 . 6 ) minfoc ( 7 ) > 0 . 

References 

[1] M. T. Anderson The compactification of a minimal submanifold by the Gauss Map., Preprint IEHS 
(1984). 

[2] G. P. Bessa, L. Jorge and J. F. Montenegro Complete submanifolds of R n with finite topology.. Commu¬ 
nications in Analysis and Geometry, ISSN 1019-8385, Vol. 15, 4, 2007,725-732 

[3] G. P Bessa and M. S. Costa On Submanifolds With Tamed Second Fundamental Form., Glasgow Math¬ 
ematical Journal, 51, 2009, 669-680 

[4] S.S. Cairns An elementary proof of the Jordan-Schoenflies theorem, Proc. Amer. Math. Soc. 2, (1951), 
860-867. 

[5] E. Calabi Problems in Differential Geometry, (S. Kobayashi and J. Eells, Jr, eds.), Proc. of the United 
States-Japan seminarin Differential Geometry, Kyoto Japan, 1965, Nippon Hyoronsha Co., Ltd., Tokyo, 
(1966), 170. 

[6] Huai-Dong Cao, Ying Shen, and Shunhui Zhu The structure of stable minimal hypersurfaces in 
Mathematical Research Letters, vol 4, (1997), 637-644. 

[7] M.P. Cavalcante, H. Mirandola and F. Vitorio, The non-parabolicity of infinite volume ends, to appear in 
Proc. Amer. Math. Soc., preprint arXiv: 1201.6391 v3, 2013. 

[8] Isaac Chavel Riemannian geometry: a modern introduction, Cambridge Tracts in Mathematics, 108, 
Cambridge University press, 1993. 

[9] Chen Qing. On the volume growth and the topology of complete minimal submanifolds of a Euclidean 
space J. Math. Sci. Univ. Tokyo 2 (1995), 657-669. 

[10] L. Cheung, and P. Leung The mean curvature and volume growth of compete non-compact submanifolds. 
Differ. Geom. Appl. 8 (3), (1998), 251-256. 2 (1995), 657-669. 

[11] T. H. Colding and W. P. Minicozzi III The Calabi-Yau conjectures for embedded surfaces. Annals of 
Mathematics, vol 167, (2008), 211-243. 

[12] T. H. Colding and W. P. Minicozzi III An excursion into Geometric Analysis, Surv. Differ. Geom., IX, 
Int. Press, Somerville, M A, (2004), 83-146, math.D G /0309021. 

[13] B. Coskunuzer, W. H. Meeks and G. Tinaglia Non-properly embedded H-planes in H 3 , Preprint, (2015), 
https://profmeeks.wordpress.com/ 

[14] M. P. do Carmo, Q. Wang and C. Xia, Total curvature and L 2 harmonic 1-forms on complete sub 
manifolds in space forms, Journal of Geometry and Physics, 60 (2010), 142-154. 

[15] M. P. do Carmo, Riemannian geometry. Mathematics: Theory & Applications, Birkhauser Boston Inc., 
Boston, MA, 1992, Translated from the second Portuguese edition by Francis Flaherty. MR 1138207 
(92i:53001) 

[16] H-P. Fu and H-W. Xu, Total curvature and L 2 harmonic 1-forms on complete sub manifolds in space 
forms, Geom. Dedicata 144 (2010), 129-140. 

[17] A. Gray, Tubes, second ed.. Progress in Mathematics, vol. 221, Birkhauser Verlag, Basel, 2004, With a 
preface by Vicente Miquel. MR 2024928 (2004j:53001) 

[18] A. Gray, The volume of a small geodesic ball of a Riemannian manifold , Michigan Math. J., Vol. 20, 
(4), (1974), 329-344. 

[19] R. Greene and H. Wu Function theory on manifolds which possess a pole.. Lecture Notes in Math., vol. 
699, Springer-Verlag, Berlin and New York, 1979. 

[20] A. Grigor’yan, Analytic and geometric background of recurrence and non-explosion of the Brownian 
motion on Riemannian manifolds. Bull. Amer. Math. Soc. 36 (1999), 135-249. 



MEAN CURVATURE, VOLUME AND PROPERNESS 


17 


[21] K. Ichihara, Curvature, geodesics and the Brownian motion on a Riemannian manifold I; Recurrence 
properties, Nagoya Math. J. 87 (1982), 101-114. 

[22] L. P. Jorge and D. Koutroufiotis, An estimate for the curvature of bounded submanifolds, Amer. J. Math. 
103 (1981), 711-725. 

[23] P. Li, Curvature and function theory on Riemannian manifolds. Surveys in differential geometry, Surv. 
Differ. Geom., VII, Int. Press, Somerville, MA, 2000, pp. 375^132. MR 1919432 (2003g:53047) 

[24] B. Pessoa Lima, L. Mari, J. Fabio Montenegro and F. B. Vieira, Density and spectrum of minimal sub 
manifolds in space forms, preprint arXiv: 1407.5280 /3, 2014. 

[25] W. H. Meeks and H. Rosenberg, The minimal lamination closure theorem, Duke math. J., vol. 133, no. 
3 (2006), 467-497. 

[26] W. H. Meeks, J. Perez and a. Ros The embedded Calabi-Yau conjectures for finite genus. Preprint, 
(2015), https://profmeeks.wordpress.com/ 

[27] S. Muller and V. Sverak, On surfaces of finite total curvature, J. Differential Geometry, 42, 2, (1995), 
229-257. 

[28] N. Nadirashvili Hadamard’s and Calabi’s Conjectures on negatively curved and minimal surfaces. In¬ 
vent. Math., 126, (1996), 457-465. 

[29] G. De OLIVEIRA Compactification of minimal submanifolds of hyperbolic space.. Comm. Analysis 
and Geometry, 1 (1993), 1-29. 

[30] M. Rodriguez and G. Tinaglia Non-proper Complete Minimal surfaces embedded in H 2 x R, Interna¬ 
tional Mathematics Research Notices, mu068, 13 pages, 2014 

[31] V. Palmer On deciding whether a submanifold is parabolic of hyperbolic using its mean curvature , 
Simon Stevin Transactions on Geometry, vol 1. 131-159, Simon Stevin Institute for Geometry, Tilburg, 
The Netherlands, 2010. 

[32] T. Sakai, Riemannian geometry, Translations of Mathematical Monographs, vol. 149, American Math¬ 
ematical Society, Providence, RI, 1996, Translated from the 1992 Japanese original by the author. 
MR 1390760 (97f:53001) 

[33] K. Shiohama. Total curvatures and minimal areas of complete surfaces Proc. Amer. Math. Soc. 94 
(1985), no. 2,310-316. 

[34] M. Troyanov, Parabolicity of Manifolds, Siberian Advances in Mathematics 9 (1999) 125-150. 

[35] J. Tysk, Finitenes of index and total scalar curvature for minimal hypersurfaces, Proc. Amer. Math. 
Soc., 105, no. 2, (1989), 429-435. 

[36] S. T. Yau, Isoperimetric constants and the forst eigenvalue of a compact Riemannian manifold, Ann. 
Sci. Ecole Norm. Sup., 8, (1975), 487-507. 

Departament de Matematiques- IMAC, Universitat Jaume I, Castello, Spain. 

E-mail address: gimenov@u ji . es 

Departament de Matematiques- INIT, Universitat Jaume I, Castellon, Spain. 

E-mail address: palmer@mat .uji.es 


